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(b) Let V be an inner product space, and 1et S :
{v, v, vr, .......,. vn} be an orthonormal subset of
V. Prove the Bessel's Inequality:

r;x11'z > !l ,l(x. u;)l' ro. any x e v.

(o) Prove that an orthogonal subset of a finite
dimensional inner product space V can extended
to a orthonormal basis for V. Hence, or otherwise
prove that for any subspace W of a finite -

dimensional inner product space V, dim(V) :
dim(w) + dim(wr). (3+3,6,6)

(a) Let T be a linear operator on a complex finite
dimensional inner product space V with an adjoint
T*. Prove that

(i) T is self-adjoint if and only if <Tx, x> is
real for all x e V.

(ii) If <Tx, x> : 0 for all x e V, thetr T = T0,

the zero operator on V.

(b) Let V = M2.r(lR) and T: V -+ V be a linear
operator given by T(A) : Ar. Determine M/hether

T is normal, setf-adjoint, or neither. If possible,
produce an orthogonal basis of eigenvectors of T
for V and list the corresponding eigenvalues.

(c) Let U be a Unitary operator on an inner product

space V and lot W be a finite dimonsional U-
invariant subspaoe of V. Then, prove that

(i) u(w) = w
(ii) Wr is U- invariant. (3+3.5,6.5,3+3.5)
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1 (a) Let F be a field. Show F[x] is a principal ide

domain.

(b) (i) Is x3 + 1 ineducible oyer Zr

(ii) Show xa + I is reducible over lR.

(c) State and Proye Gauss Lemma. (6r3x2,6)
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IRlxl
{a) Show .-*=C(x- + l)

maximal in R[x].

Hence, Prove x2 +1 1S

(a) For the linear operator T: lRa -+ R4, T(a, b, c, d)

= (a+b, b-c, a+c, a+d), determine the

T - cyolio subspace W of IRa generated by

e, : (1,0,0,0). Also, find an ordered basis of W
and characteristic polynomial of the operator T'r.

(b) State Cayley-Hamilton theory and verify it for the

linear operator

T: IR3 -+ IR.3, T(a, b, o) : (a + b, b + c, b - c).

(c) Let V : Pr(lR) and W = R2 with respective

standard bases p and y. Dofine T: V -+ W by T
(p(x)) = (p(0) - 2p(1), p(0) + p'(0)), where p'(x)

is the dorivative of p(x).

(i) For f(a, b) : a - 2b, f € W+, com,ute

r(f).

(ii) Compute [r'l{ uv finding scalars a. b. c' L- Jv'
and d such that T(fl) : af, + bfo and

Tr(fr) = cf, * dfo, where P" = {f, fo) and

y* : {f, fr} are the respective dual bases.

(6.5,6.5,3+3.5)

(a) Show that in a complex inner product space V

over a field F. If x, y e V, then following identities

hold :

(i) <x. v> : lil*+rll'-1il*-vll' ir r'-m
4n 

Jlr 
4u 
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(ii) <x, y>

i2: -1.

= i::=,ll,..*vll' irr=c' *t'""
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(b) Is every Unique Factorization Domain a Principal
Ideal Domain? Prove or give a Counterexample.

(c) Show ZIJ-S] ir not a Unique Factorization

Domain. (Consider the factorization of the element

6). (6.5+6.5+6.s)

(a) Let V : IR3 and define f,, f, f, e V* as follows

Ir(x,!,2): x-2y, fr(x,l,z): x + y + zand
lr(x, v, z) : y -.3z,

Prove that {f1, f2, f3} is a basis of V* and then

find a basis for V for which it is the dual basis.

(b) Show tfrut tfr" *otri* A =(l
4

is diagonalizable
2

5

and hence find an invertible matrix Q and a

diagonal matrix D such that QjAQ : D.

(c) Test the linear.operator T: 1R3 -+ R3, T(a, b, c) =
(4a + c,2a + 3b + 2c, a + 4c) for diagonalizability
and if it is diagonalizable, find a basis p for V
s.rah that [A']p tu a diagotaal ,i1aftix- (6,6,6)
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