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1. (o) Let o and z be positive integers and let f,, = gcd(a, n). Prove that the

equation a, mod z = t has a solution if and only if d = 1.

a

(6) Define Group. Show that the general linear group of 2 x 2 matrices over

R is a group.

(c) Prove that a group G of order 3 must be cyclic.
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(a) Defrne Abelian group. Show that a group G is Abelian if and only if
(abYt = o-lb-l for all o, b in G.

(b) Define order of an element in a group. Find the order of each element

of U(15).

(c) State and prove one-step subgroup test. Use it to prove that if G is

an abelian group with identity e, then H = [r e Glx2 = e] is a subgroup

of G.
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(, Find O(ctP)

(ir) Find O(0cr)

(iii) Find o-r.

(6) Find all the right cosets of {1, 15} in U (32).

(c) Show that the factor gronp Z/52 is a cyclic group of order 5.

(o) Define normal subgroup. Prove that SL(2, R), the group of 2 x 2 matrices

with determinant 1 is normal subgroup of GL(2, R), the group of 2 x 2

matrices with non-zero determinant.

(b) Show that Q : Zp -s 212 giverr by 0(r) = 4r is a group homomorphism.

(c) Show that the kernel of homomorphism Q : R* + R* given by QG) = lr I

is a cyclic group.

then :



5

(3) 7439

(a) Prove that Za is a ring and find its set of units.

(b) Let x, y and z belong to a ring R. Then show that :

(i) (-x)(t) = xy

{ii) x(y-z)=ry-xz.

(c) State ideal test and prove that 22 = l2nln e Zl is an ideal of Z.

(a) Define zero-divisors and integral domain. Give an example of a

commutative ring without zero-divisors that is not an integral domain.

(b) l*t a, b and c belong to an integral domain. If a * 0 and aD = oc, then

showthatb=c.

(c) Let f b a ring homomorphism from a ring R to a ring S and let A be

a subring of R. Then prove that flA) = {flo) lo e A} is a subring of S.
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