5904 -+

(b) Determine all group homomorphisms from

Z,toZ,.

(c) Let H be a subgroup of G and a,b € G. Prove
that

(i) aH =bH < a € bH.

(ii) aH=H e a€eH. (2x6=12)

6 (a) State and prove the First Fundamental Theorem
of Group Homomorphisms.

(b) Let G be the symmetric group of permutations on
the set {1,2,3..., n}. For each o in G, define

Sgn(c) = {-1, if o is an odd permutation
1, if o is an even permutation.

Prove that Sgn is a group homomorphism. Find
the kernel of Sgn.

(¢) (i) Let ¢:G— G* be a group homomorphism.
Prove that the Ker & is a normal subgroup
of the group G.

(i) Show that : ¢:(R,+) — (R*,.) defined as

dx) = %2 is not a group homomorphism.
(2x6'%=13)
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1. (a) Let G={(§ Z):aEIR%-{O}}. Show that G is

an Abelian group.
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(b) Let G be group and H be a non-empty subset of
G. Prove that H is a subgroup of G if

ab™! € H,va,b € H.

Hence prove that H = {A € GL(2,R): det A is a
power of 2} is a subgroup of GL(2, R).

(c) Define a cyclic group. Show that every cyclic
group is Abelian. Is the converse true? Justify.
(2x6=12)

(a) Prove that an Abelian group with two elements of
order two must have a subgroup of order 4.

(b) Describe the group of symmetries of an equilateral

triangle.
(¢) Let G be a group and a € G.If |a|l = n, show that

<a>= {el d, aza -----,an_l} & ai = aj ~n divides
(1 = 7k (2%6%=13)

(a) Let G = <a> be a cyclic group of order n. Then

show that G = <ak>« ged (k, n) = 1.

_(1 2345678) 2
(b) Let ¥= 13 1354768

b=(i 5876524
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(i) Write o and f as product of disjoint cycles.
(i) Compute aff and a'1.

(c) Suppose that a has order 15. Compute all the left
cosets of < a’> > in <a >. (2x6=12)

(a) Define left coset of a subgroup H of a group G.
Find all the left cosets of H={1,11} in U(30).

(b) (i) Prove that a subgroup H of a group G is
normal in G xHx ! € H,V x € G.
(i) Let H be a subgroup of a group G such that

x2 € H,Vx € G. Show that H is a normal
subgroup of G.

(c) Leto: ¢:G — G’ be a group homomorphism and

let H be a subgroup of G. Prove that
(1) if H is cyclic, then ¢ (H) is cyclic.

(1) if H is normal, then ¢ (H) is normal in ¢(G).
(2x6%=13)

(a) Let G be a finite group and H be a subgroup of
G. Show that |H| divides |G|.

P.T.Q.



