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1.

(a) Let (X, d) be a metric space. Define the function

!, r =yl s
d:XxX—->R by d = EwP— Show that d'is a

metric on X. Besides, d'(x, y) < 1 for all
x, y e X. (7.5)

(b) Let X = C[a,b] be the space of all continuous
]

functions on [a,b]. Define d(x,y)=_”f(x)-—_

a

g (x)ldx, then check whether this metric imply

pointwise Convergence or not. (7.5)

(c) Define Cauchy Sequence and Complete metric
space. Let X be any non-empty set and d be
defined by
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nonempty and An B = @ = A n B, then show
that either C < 4 or C < B.

(ii) If Y is a connected set in a metric space (X,
d) then show that any set Z such that is

Yo 7ZcV connected. (4+3.5)

6. (a) Let (X, d) be a metric space. Then show that the
following statements are equivalent:

(i) every infinite set in (X, d) has at least one
limit point in X;

(ii) every infinite sequence in (X, d) contains a
convergent subsequence. (7.5)

(b) If f is a one-to-one continuous mapping of a
compact metric space (X, d ) onto a metric space
(Y, d y), then show that £/ is continuous on Y and,
hence, f is a homeomorphism of (X, d,) onto (7,
d). (7.5)

P.T.O.
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(c) Show that the metric spaces (X, d) and (X, p)

d(x,y)

where p(x,y)= m

are equivalent. (7.5)

5. (a) Let (X, d) be a metric space. Then show that the
following statements are equivalent:

() (X, d) is disconnected;

(i) there exists a continuous mapping of (X, d)
onto the discrete two element space (X, d ).
(7.5)

(b) Let I= [1,1]and let f* I — I be continuous. Then

show that there exists a point ¢ € I such that
flc) = c. Discuss the result if I = [-1,1]. Discuss

the result if I = [-1,1) and | = [~1,00). (4+3.5)

(¢) (i) If C is a connected subset of a disconnected

metric space X = 4 |J B, where 4, B are

A
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2.

then show that (X, d) is a Complete metric space.
(7.5)

(a) Let (X, d) be a metric space. Then show that

(i) @ and X are open sets in (X, d);

(ii) the union of an arbitrary family of open sets

is open;

(iii) the intersection of any finite family of open
sets is open. (7.5)

(b) Let A be a subset of a metric space (X, d). Then
prove that

(i) A° is the largest open subset of 4. 3.5)

(i) A is open if and only if 4 = 4°. 4

(¢) () Let (X, d) be a metric space and F C X..
Then show that a point x, is a limit point of
F if and only if it is possible to select from

the set F a of distinct

sequence
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Xy, X3, ey X, ... SUCh that lim d(xp, x,) = 0.

(4.5)

i) Let 4 ‘[0, 1] and F={f ec[0, 1]:

f(t) =0, vVt € A}. Show that F is a closed

subset of C[0, 1] equipped with the uniform
metric. (3)

3. (a) Let (X, d) be a metric space and F < X. Then
show that the following statements are equivalent:

G x € F;

(i) S(x,e)nF =+ @ for every open ball S(x,¢)

centred at x;

(ifiy There exists an infinite sequence {x,} of
points (not necessarily distinct) of F such that

lim x, = x.

mn-00

(7.5)

4
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(b) State and prove Cantor's intersection theorem.
(7.5)

(¢) () If Y is a nonempty subset of a metric space
(X, d), and (Y, dy) is complete, then show
that Y is a closed in X, (3.5)

(i) Let (X, d) be a complete metric space and Y
a closed subset of X. Then show that (7, dy)
is a complete space. @

'
4. (a) Prove that a mapping /- X — Y is continuous on
Xifand only if f~1(G) is open in X for all open
subsets G of Y. (7.5)

(b) Let T: X—X be a contraction mapping of the
\ complete metric space (X, d). Then show that T

{ has a unique fixed point. (7.5)

P.T.O.
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