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I
(c) Let G = { 1,8, I 2, 14, I 8,21,27,3 1,34,38,44,47,5 1,53,

57,64) under the operation multiplication modulo

65. Deiermine the isomorphism class of the group

G.
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(a) Derive a formula for finding the order of a

permutation of a finite set written in disjoint

cycle form. Let p = (1,3,5,7,9) (2,4,6) (8,10).

What is the smallest positive integer for which

p'= p'?

(b) Let a, p e Sn. Prove that oB is even if and only

if either both a and p are even or both cr and p

are odd.

(a) Let H and K be normal subgroups of a group G

such that H n K : {e}, then prove that the

elements of H and K commute. Give an example

of a non-Abelian group whose all subgroups are

normal.

(a) Find all subgroups of order 3 in Zn @ 2..

(b) Let G and H be finite cyclic groups. Then G O H

is cyclic if and only if lGl and lHl are relatively

prime.

(c) Using the concept of external direct product,

determine the last two digits of the number

2\t21.

(a) Determine the number of elements of order

l5 and the cyclic subgroups of order l5 in
1, @ zro'

(b) Define the internal direct product of n normal

subgroups of a group. If a group G is the internal

direct product of a finite number of normal

subgroups

H,,Hr,...,H,, then show that G is isomorphic to

the external direct product of H,, Hr,..., Hn.
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(c) Suppose H is a subgroup of S, of odd order. Prove

that H is a subgroup of An.
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(ii) For C', the multiplicative group of non-zero

complex numbers, prove that the mapping $

defined as

i@) = z5 for all z e C"

is a homomorphism. Also, find the kernel of

(c) (i) Prove that every normal subgroup of a .

group G is the kernel of a homomorphism of-

G.

(ii) Suppose that $ is a homomorphism from

U(40) to U(40) and its kernel is given by

ker 6 = {1,9,17,33}. If 0(ll) : ll, find

all elements of U(40) that are mapped to

(b) Let G be group and suppose that N is a normal

subgroup of G and H is any subgroup of G. Prove

that N . H is a normal subgroup of G. Justify this

statement with an examPle too.

(c) Suppose H and K are subgroups of a group G. If

aH is a subset of bH, then provg that H is a

subset of K. Is the convetse true except when a

and b are identity? Justify your answer with an

example.

(a) State and prove first isomorphism theorem.

Show that ZlnZ is isomorphic to Z* for all

n e N.

(b) Let d be an isomorphism from a group G onto a

group G', prove that
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(i) G is cyclic if and only if G' is cyclic.

(ii) for all elements g e G, the order of g is

equal to order of $(g).

(c) (i) Let G be a group, prove that the mapping Q

defined as

0(g) : gr for all g e G

is an automorphism if and only if G is an

Abelian group.

(ii) Suppose Q is a homomorphism from a group

G onto a group G', prove that

$(z(G\\ c z(c).
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a. ' (a) (i) Suppose that G is a finite Abelian group and

G has no element of order 2. Show that the

mapping Q defined as

0(g):g'?fbrallgeG

is an automorphism. Is this mapping $ an

automorphisrn when G is an infinite group and

has no element of order 2? Justify your

54

answer.

(ii) Prove that a homomorphism $ from a group

G onto a group C' is one-one if and onty if
ker $ = {e}, where e is the identity element

of G.

(b) (i) Suppose g is a homomorphism from a group

G to a group G'and g e G such that Q(g) = g',

prove that
Here, Z(G) denotes the center of G.

0'(g) = g kerO.
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