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(c) Let f be a centinuous real-valued function on

a compact metric space (X, dx), then show that

f is bounded and attains its bounds. Does the

result hold when X is not compact? Justify.

(4+2.s)
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2. Attempt any two parts from each question.

(g) Let (X, d) be a metric space. Define the mapping

d*: XxX+Rby

a(*, v)
1+ d(x,y)

(1500)

a. (^, v) = ; Vx,yeX.
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Show that (X, d*) is a metric space and d+(x' y) < 1'

for everY x, Y e X' (6)

(b) Let (x,')nr, be a sequence of real numbers defined

by xr=a, xr=b and for

n = 1,2,"'. Prove that (xn)nr, is a Cauchy

sequence in IR with usual metric' (6)

(c) Define a complete metric space' Is the metric 1

space (Z,d) of integers, with usual metric d' a

complete metric space? Justify' (6)

2. (a) $ Let (X' d) be a metric space' Show that for

every pair of distinct points x and y of X'

there exist disjoint open sets U and V such

thatx€U,YeV' Q)
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(c) Let (X, d) be. a mbtric"space' Then prove that

(X, d) is disconnected if and only if there exists a

continuous mapping of (X, d) onto the discrete two

element sPace (Xo, do)'. (6 5)

6 ia; Prore that homeomorphism preserves compactness'

Hence or otherwise show that

Si0,1)= {ze C:lzl <1} and

St0,ll = {z e C: lzl < l}

are not homeomorPhic. (4+2.5)

(b) Let (X, d) be a metric space and A c X such that

every sequence in A has a subsequence converging

in A. Show that for any B c X, there is a point

p e A such that d(p,B) = d(A,B)' If B be a closed

subset of X such that A n B = $, show that

d(A,B) > o. (4.5+2)

7

xn*z=i(xn*r+xn)
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of X such that d(Fn) + 0. Show ttrat fl-,L is

a singleton. Does it hold if (X, d) is incomplete?

Justify. (6)

I Let (X, d*) and (Y, d") be metric spaces ancl

f: X -+ Y be a function. prove that f is continuous

on X if and only if f(,[)E(D for all subseis

AofX. (6)

(b) Let A and B be non-empty disjoint closed subseti

of a metric space (X, d). Show that there is a

continuous real valued function f on X such that

f(x) = 0, V x e A, (x)= l, V x e B and 0 < f(x) < 1,

V x e X. Further show that there exist disjoint

open subsets G, H of X such that A E G and

BqH. (6)
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(c) Define a dense subset of a metric space (X, d).

Let A t X. Show that A is dense in X if and only

if Ac has empty interior. Give an example of a

metric space that has only one dense subset.

(6)

(a) Show that the metrics d,, d, and d_ defined on Ri

by

d.1(x,y) = |!=rlx,- yil,

d2@,y) = (LT-{n- y)r)'/, and

d*(x,y) = max{ lrr - y1l: 1 s i s n}

are equivalent where x = (x,, xr,..., xn) and

v = (yv y2, "';i^). (6.5).

$) Show that the function f: R --+ (-1, 1) defined by

5

3

4

xtlxl=-
l+ I x 

I

is a homeomorphism but not an

(6.s)rSOmetry.
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(c) (i) Let (X, d) be a complete metric space'

Let.T: X -+ X be a rna11ing such that

d(Tx,Ty) < d(x, y), V x, y 5'X' Does T always

havo a fixed Poiat? JustifY' (4)

(ii) Let X be any non-empty set and T: .X 
_' X

be a mapping such that Tn (where n is a

natural ntrirber, n> l) has a uriique fixed

polntx0 e.X. Show that xo is also a unique

fixed point of T. QS)

(3) Let (R, d) be the space of real numbers with usual

metric. Prove that a connected subset of E

musl be an interval' Give an example of two

connected subsets oi E, such that their union is

disconnected. (4+Z'5)

(b) Let (X, d) be a metric space such that every

two points of X are contained in some connected

subset of X, Show that (X, d)'is connected'

(6.s)

$) Give an examPle of the following:

(a) A set in a metric space which is neither a

closod ball nor an open set. (l)

(b) A metric space in which the interior of the

intersection of an arbitrary family of the

subsets may not be oqual to the intersection

of thc intcriors of the members of the

family. Q)

(c) A metric space in which every singleton is

an open set' (l)

Q)2Lot (X, d) be a metric space"Let A be a subset

of X. Define closure of A and show that it is the

smallest closed suPerset of A (6)

(c) Let (X, d) be a complete metric space' Let (F")

be a nested sequence of non-empty closed subsets

P.T,O


