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Attempt any two parts from each question. All questions are compulsory.
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(a) A_nonempty subset S of a ring R is a subring of R if and only if
(i) a,b € Simpliesa—b € S and
(i) a,b € Simplies ab € S. 52)
(b) Define a unit in a ring. Determine all units of Z[i] and Z[x]. 15%)
(c) Show that every finite integral domain is a field. Give an example of an infinite integral d¢ 1ain
which is not a field. (6%)

(d) Define characteristic of a ring. Show that the characteristic of an integral domain is eithe rero
o 1

or a prime number. 57)
(a) If m and n are positive integers, k = lem(m, n). Show that mZ N nZ = KZ. (6)
(b) Prove that the intersection of any collection of subrings of a ring R, is a subring of R. Is tk :

union of collection of subrings of a ring, }a subring? Justify. (6)
(c) Show that every nonzero element of Z,, is a unit or a zero divisor. (6)
(d) Show that the set Z[\/i] ={a+bV2:a,b € Z} isan integral domain. (6)

(a) Let R be a ring and let A be a subring of R. Show that the set of cosets {r + A|r € R}isa ng
under the operations (s + A) + (t + A) = s+ t+ Aand (s + A)(t + A) = st + A ifand nly

if A is an ideal of R. : 62)

(b) If n is an integer greater than 1, show that < n >= nZ is a prime ideal of Z if and only if 1 is

prime. [5%)
(c) Let R be a commutative ring with unity and let A be an ideal of R. Then show that R/A is :n
integral domain if and only if A is prime ideal. [6%)
(d) Show that ——2— is not a field. (62)
<x?+x+1> 2

(a) Let ¢ be a ring homomorphism from a ring R to aring S. Let A be a subring of R and let | be
an ideal of S. Then show that
() ¢ is an isomorphism if and only if ¢ is onto and ker(¢p) = {r € R|¢p(r) = 0} : {0}.

(ii) ¢ Y(B)={r € R|¢(r) € B}isan ideal of R. 3+3)



(b) Determine all ring homomorphism from Zz to Zyy. (6)
(¢) Let n be an integer with decimal representation ay@y_; ... @1 @y. Prove that n is divisible b 9 if

and only if ag+a,_, + -+ a; + aq is divisible by 9. (6)
(d) Let R be commutative ring of prime characteristic p. Show that the Frobenius map x = x¥ sa
ring homomorphism from R to R. (6)

(a) Let v, = (1,—1,2), v, = (1,—2,1) and v3 = (1,1, 4) be vectors in R*. Show that

span({vy, v, v3}) = span({vy, v, }). (6)
(b) Let S Be a linearly independent subset of a vector space V. and let v be a vector in V' that i not
in S. Then S U {v} is linearly dependent if and only if v € span(S). (6)

(¢) Let W be the set of all (xy, X, X3, X4, X5) in R® which satisfy

2x1—x2+§x3-X4:0

X1 + EX3 —Xg = 0
9x; — 3x; + 6x3 —3x, —3x5=0
Find a basis for W. (6)
(d) Let W, and W, be subspaces of a vector space V. Prove that V is direct sum of Wy and W; if
and only if each vector in V can be uniquely expressed as x; + x;, where x; € Wy and x, ¢ W5,

(6)

(a) Let V and W be vectors spaces, and let T: V — W be linear transformation. Suppose that
B = {vy,v;, ..., v} is a basis for V and T is one-to-one and orto. Prove that

T(B) = {T(v,), T(vy), ..., T(1v,)} is a basis for W. 62)
(b) Let V, W and Z be finite-dimensional vector spaces with ordered bases @, f and y respect vely.
LetT:V = W and U: W — Z be linear transformations. Then (6%)

[T}, = WILITI:.

(¢) Let T: P,(R) = P,(R) and U: P,(R) — R? be the linear transformations respectively de "ned

by

T(f(x)) = f'(x)g(x) + 2f(x) and U(a + bx + cx?) = (@ + b,c,a — b),

where g(x) = 3 + x. Let 8 and y be standard ordered bases of P,(R) and R? respectively

Compute [UT]E. 9>
(d) Let T: R® = R? be linear defined by

T(a,b,c) = (3a — 2¢,b,3a + 4b).

Determine whether T is invertible. Justify your answer. If so, find 77", H=)
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