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                          Attempt any four questions. All questions carry equal marks. 

1. Let  𝑋 = 𝐶[0, 2], the space of all continuous functions defined on [0, 2]. Let 

            𝑑1(𝑓, 𝑔) = ∫ |𝑓(𝑥) − 𝑔(𝑥)|𝑑𝑥
2

0
 and 𝑑∞(𝑓, 𝑔) = sup{|𝑓(𝑥) − 𝑔(𝑥)| ∶ 𝑥 ∈ [0, 2]}.  

 Compute the distance 𝑑1(𝑓, 𝑔) and 𝑑∞(𝑓, 𝑔) where 

𝑓(𝑥) = {
sin 𝑥 ∶  0 ≤ 𝑥 <

𝜋

4
1

√2
∶  

𝜋

4
≤ 𝑥 ≤ 2

 and  𝑔(𝑥) = {
cos 𝑥 ∶  0 ≤ 𝑥 <

𝜋

4
1

√2
∶  

𝜋

4
≤ 𝑥 ≤ 2

. 

 

 Let X be any non-empty subset of ℝ. Define a function 𝑑 ∶ 𝑋 × 𝑋 → [0, ∞) as 

𝑑(𝑥, 𝑦) = {
|𝑥 − 𝑦| ,    𝑖𝑓 |𝑥 − 𝑦| ≤ 1
1             ,    𝑖𝑓 |𝑥 − 𝑦| ≥ 1

. 

 Show that 𝑑 is a metric on X and 𝑑 is bounded. 

 

 Let 𝑋 =  ℝ3 and 𝑑 be the metric on ℝ3 given by 𝑑(𝑥, 𝑦) = ∑ |𝑥𝑖 − 𝑦𝑖|3
𝑖=1  where 

  𝑥 = (𝑥1, 𝑥2, 𝑥3) and  𝑦 = (𝑦1, 𝑦2, 𝑦3). Let {𝑥(𝑛)} be a sequence in ℝ3 where 

  𝑥(𝑛) = (
𝑛

𝑛+1
,

1

𝑛3 , 1 −
1

𝑛
) , 𝑛 ∈ ℕ. Is {𝑥(𝑛)} convergent in ℝ3? If yes, find the limit. 

 

 Is 𝑑(𝑥, 𝑦) = |𝑥 − 𝑦|3 a metric on ℝ ? Justify your answer. 

(6+6.75+4+2) 

 

2. Let 𝑎, 𝑏 𝜖 ℝ and 𝑎 < 𝑏. Show that the open interval (𝑎, 𝑏) is an incomplete subspace of ℝ. Let Y  

 be a finite subset of ℝ with usual metric. Is Y open in ℝ ? Justify. If not, then give an example of 

a metric space in which a finite set may be open. 

 

 Let (𝐶[0, 1], 𝑑1) be a metric space with the metric defined by 

𝑑1(𝑓, 𝑔) = ∫ |𝑓(𝑥) − 𝑔(𝑥)|𝑑𝑥
1

0
. 

Let {ℎ𝑛} be a sequence in 𝐶[0, 1] defined by  



 
 

ℎ𝑛(𝑥) = 𝑥1/𝑛, 𝑥 ∈ [0,1] 

Show that  ℎ𝑛 → ℎ in (𝐶[0, 1], 𝑑1), where ℎ(𝑥) = 1 for all 𝑥 ∈ [0, 1]. Does the same statement 

hold in (𝐶[0, 1], 𝑑∞) where 𝑑∞(𝑓, 𝑔) = sup{|𝑓(𝑥) − 𝑔(𝑥)| ∶ 𝑥 ∈ [0, 1]}? Justify. 

Give an example of a set which is neither open nor bounded. Justify your answer. 

(9+6+3.75) 

 

3. Find the closure and interior of the set 𝐴 = {(𝑥, 𝑦): 𝑥𝑦 = 1} as a subset of ℝ2 (equipped with the 

Euclidean metric).  

 If D is an open subset of ℝ, which contains all rational numbers lying between 0 and 2, then does 

√2 ∈ 𝐷? Justify your answer. 

Consider the set 𝑋 = 𝐴1 ∪ 𝐴2, where 𝐴1 = (0, 1) and 𝐴2 = [2, 3). Show that 𝐴1 and 𝐴2  are both 

open as well as closed in 𝑋. 

Let (𝑋, 𝑑) be a metric space and 𝐵 =  𝑆(𝑥0, 𝑟) be the open ball with centre at 𝑥0 ∈ 𝑋 and radius 

𝑟 > 0. Show that 𝑑(𝐵) ≤ 2𝑟, where d(B) denotes the diameter of the set B. Give an example to 

show that in general the equality may not hold in 𝑑(𝐵) ≤ 2𝑟.  

 (4+4+4+6.75) 

 

4.  Let 𝑑 denote the Euclidean metric in ℝ2 and 𝑑1 be the metric defined in ℝ2 by 

𝑑1(x, y) = |𝑥1 − 𝑦1| + |𝑥2 − 𝑦2|      for     x = (𝑥1, 𝑥2), y = (𝑦1, 𝑦2) ∈ ℝ2 . 

Let 𝑓: (ℝ2, 𝑑) → (ℝ2, 𝑑1) be given by 𝑓(𝑥1, 𝑥2) = (2𝑥1, 𝑥2). Prove that 𝑓is continuous on ℝ2. 

Let ℝ be equipped with the usual metric  and 𝑔: ℝ → ℝ be continuous. Let 𝐴 = {𝑥 ∈ ℝ: 𝑔(𝑥) ≥

0}. Show that 𝐴 is closed in ℝ. Is 𝐴 complete with respect to the induced metric? 

For the subset 𝐸 = {((−1)𝑛 1

𝑛
, (−1)𝑛) : 𝑛 ∈ ℕ} of ℝ2 (equipped with the Euclidean metric), find 

𝐸̅. 

Let (𝑋, 𝑑) and (𝑌, 𝜌) be two metric spaces and  ℎ: 𝑋 → 𝑌 be a bijection. Show that h is a 

homeomorphism if and only if for all subsets 𝐴 of X, 

ℎ(𝐴̅ ) =  ℎ(𝐴)̅̅ ̅̅ ̅̅  . 

                                                                                                                                     (6+3.75+3+6) 

       



 
 

5. Let  𝑋 =  (−1, 1) and  𝑌 = (0, 1)   be subsets of the usual metric space ℝ. Are the spaces 𝑋 and 𝑌 

homeomorphic to each other? Justify your answer. What if we take 𝑋 = ℝ and 𝑌 =  (0, 1)? 

Justify your answer.            

Show that isometry from   (𝑋, 𝑑𝑋) into (𝑌, 𝑑𝑌) is injective. Is every isometry from   (𝑋, 𝑑𝑋) onto 

(𝑌, 𝑑𝑌) is a homeomorphism? Justify. 

 Prove that every contraction map on a metric space is uniformly continuous.  

Let ℝ2 be the Euclidean metric space.  If 𝑇: ℝ2 →  ℝ2 be a map defined by 𝑇(𝑥, 𝑦) = (𝑥, 0). 

Prove or disprove that 𝑇 is a contraction map. Also, find the fixed point(s) of  𝑇. 

(6+4+3.75+5) 

6. Let 𝐴 and 𝐵 be two connected subsets of 𝑋 and 𝐴 ∩ 𝐵 ≠ 𝜙. Show that  𝐴 ∪ 𝐵 is connected. In 

ℝ2(𝑒𝑞𝑞𝑢𝑖𝑝𝑒𝑑 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 𝐸𝑢𝑐𝑙𝑖𝑑𝑒𝑎𝑛 𝑚𝑒𝑡𝑟𝑖𝑐), find if the union of 𝐴 = {(𝑥, 𝑦): 𝑥2 + 𝑦2 ≤ 1} and 

𝐵 = {(𝑥, 𝑦): (𝑥 − 2)2 + 𝑦2 < 1} is connected or not? Justify. 

 Let (𝑋, 𝑑) be a compact metric space and let 𝑑1  be the metric on 𝑋   defined by  

𝑑1 (𝑥, 𝑦) = min{ 1, 𝑑(𝑥, 𝑦)}, 𝑥, 𝑦 ∈ 𝑋 

 Then prove that  (𝑋, 𝑑1) is compact.  

Prove that every continuous real valued function 𝑓 on a compact metric space attains its infimum. 

Consider the function 𝑓: ℝ → ℝ defined by  𝑓(𝑥) =
1

1+𝑥2. Find the infimum of 𝑓.  Is the above 

statement applicable for 𝑓(𝑥) =
1

1+𝑥2? Justify. 

 Examine the compactness of the set 𝐵 = {(𝑥, 𝑦) ∈ ℝ2: 𝑥 = 0}. 

(6+4+6+2.75) 

 

 

 

 

 


