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Explain why f(x) = sin(x) is a bounded function on R,

) 2253

whereas f(z) = sin(z) is not a bounded function on the

complex plane C, althou_gh sin®(z) + cos(z) = 1 for all

ze C.

State and prove Cauchy Integral formula.

State Liouville’s

theorem and use it to prove the

fundamental theorem of algebra.

Let C denote a contour of length L, and suppose that a

function f(z) is piecewise continuous on C. Show that

[f@)dz
C

< ML, where M is a non-negative constant

such that |f(z)] < M for all points z on C at which

f(a) is

]

denote the upper half of the circle |Z| = R(R > 2) , taken (

292 -1

defined.

Hence, show that

nR(2R? + 1)

Cr

2 +52° +4

B

DR -4) where Cy

in the counterclockwise direction.

Derive the expansions :
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2n+1
(0<|2|<m)

Z;‘ 2n+2)‘

2_1(0‘<|z[<°°)
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Attempt all parts from Question No. 1.
Each part carries 1% marks.
Attempt any two parts from question Nos. 2 to 6

Each part carries six marks.
. State True or False. Justify your answer in brief :
(@) A point z; of a domain need not be an ac;umulalion point
of that domain.
o g

() lim=—=0

z=0 2
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The function f(z) = ¢ is periodic with period 2m.
m
log(—ei) =1 - —i.
¥ 2

The function f(z) = |z 2 is analytic at z = 0. (

Let C denote the boundary of the triangle with vertices at .

the point 0, 3/, and -4, oriented in the counterclockwise

direction. Then |I(e' - 2)dz | < 60.
- c

If C is any simple closed contour, in either direction, then

j exp(z®)dz = 0.
il ! ]

If C is the positively oriented unit circle |z]| = 1, then

: (
j-exp(2z)dz _8m

+ :
c 2 3

% A @
Res_f(z)=~ 30 where f(z)= 2SI (;J, 0<|z|<ee

. |
The function f(2) = = has no isolated singular
: sin[&] ;

point.

(@)

(&)

(c)

(@)

(®)

(585 ) 253

Prove that a finite set of points cannot have any

accumulation point.

Suppose that f(z) = u(x, y) + iv(x, ») (z=x+ i
=x + f =g, + i lim f(2) = w

and zy = xy + iy Wy = Uy + . Then Hzof( ) = w,

if and only if (x_y}l_if‘(lxﬂ‘yn} ux, y) =y and

lim vix, y) = v,
(x,y) = (x9,¥0) i

Define neighbourhood of the point at infinity. Show that
a set S is unbounded if and only if every neighbourhood
of the point at infinity contains at least one point
in S.

Use Cauchy-Riemann equétions to show that f'(z) does
not exist at any point if f(z) = exp(z). State sufficient
conditions for differentiability of a function f(z) at any
point z, = x, + iyy € C.

Suppose that a function f(@) = u(x, y) + iv(x, y) and its
conjugate f(z) = ulx, y) - iv(x, y) are both analytic in
a given domain D. Show that f(z) must be constant

throughout D.
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Give all the Laurent series expansions in powers of z for

=1

~ the function f(2)=—————— and specify

z-1D(z-2)
the domains in which those expansions are

valid.

If a power series Za,‘(z—zo)’I converges when
n=0

z = z/(z; # z,), then show that it is absolutely convergent
at each point z in the open disk |z — zy| < R; where

Ry =l - ?0|'

Show that the singular point of each of the following
functions is a pole. Determine the order m of that pole

and the corresponding residue B.

2 -224+8

i b e o

inh
(in Ff@= = - =

2

exp(2z)
(i) f(2)= T
2n de

Use residues to evaluate I—
09t 74 sin 6
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If a function f is analytic everywhere in the finite plane
except for a finite number of singular points interior to

a positively oriented simple closed contour C, then show

: 1 1
that If (2) dz = 2ni Res,_, {_z? f [;J} Use it to show.
C

bz -2 :
that [ dz = 107, where C is the circle [z = 2,
c2lz-1) ;

described counterclockwise.



