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6. (a) (i) Suppose that f(x) =Z°°' a,x" has radius of conver--

gence R > (). Then show that If(t)dt Z "l x™' for |x| <R
n+

n=0
(5)
(ii) State when is a power series differentiable term by
term. . _ t1:5)
(b) (i) Apply Abel’s Theorem to show :
log82=1—§+§—§.... (3.5)

(ii) Given l—l— =) x" for |x| <1. Evaluate:
Tk n=0

o S n’(=1)" 3
Qi e 3)

=l n=|

(c) (i) App/ly Ratio Test for series to show that radius of
convergence’ R of the power series Za"x" is given by

y a s >
lim|—2, whenever the limit exists. {3.5)
H=—»0 a‘"+'

(ii) Find radius of convergence for :

s (n!)'x" ;
Zj(ln n) ' x" ZU o (3)
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Q.1 (a) Prove that a bounded function f on [a, b] is integrable
if and only if for each € > 0, 3 a partition P of [a, b] such that
U(f, P) - L(f, P) <e. (6)

(b) Show that if f is integrable on [a, b], then | f | is
integrable on [a, b], and: :

<fIfI

Hence, show that :
l 2r

[°" x
=2r

(c) Suppose f and g are continuous functions on [a, b],
and g(x)>0 V x e [a, b]. Prove that, 3 x € [a, b] such that:

f,,b f()g(t) dt =f(x) f: g(t) dt . . B

(6)

< 167"
x

Q.2 (a) (i) The Dirichlet function f: [0, 1] >R is defined by :

f(x)={ 1, xe[0l]nQ

7\
0 xeldllQ by,
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Is f Riemann Integrable? Justify. (3)

(ii) Show that a decreasing function on [a, b] is inte-

grable. (3)
(b) (i) State Fundamental Theorem of Calculus-I. (2)

(i) Let f be an integrable function on [a, b]. Let P be a
partition of [a,b] and P* be a refinement of P such that P* =
P U {u}. Show that L(f, P) <L(f, P*). 4)

(¢) (i) For a bounded function f on [a, b], define the
Riemann Sum associated with a partition P. Hence, give

Riemann's definition of integrability. 3)
os 4 ] 3+h 2
(i) Caleulate lim-- | e’ dr 3)

3.(a) Show that:
]
B(x,y)= I!"(l —t) dt converges < x>0,y>0. (7)
0

(b) (i) Define Improper Integral of Type-1I. When does it
converge? When is it said to diverge ? (3)

(ii) Determine if Te‘ dx is a convergent integral. Justify.

3 @
(c) (i) Determine if the following integrals are Improper
Integrals. If so, what kind ? Justify.

w2

Sinx 1
——db, xIn(x)dx (4
JoF I (x) )
o Sinx
(i1) Prove that I—dx converges absolutely. 3)
X

n

4. (a) State and prove Cauchy’s criterion for uniform con-
vergence for sequences of functions. (6)

(b) (i) Is the sequence { 1, } where :

3
o
. = —sin(nx + n).
n

uniformly convergent on R ? Justify. 2)

(ii) Suppose a sequence { 1, } converges uniformly to f

on a set A, and further suppose that each f, is bounded on A.

n

Show that the limit function f is bounded on A 4)

(c) Show that if a>0, then the sequence { n?x2e"* } con-
verges uniformly on the interval [a,00), but that it does not
converge uniformly on the interval [0, co). (6)

5. (a) If f, is continuous on D c R, for each n €N and if

2 f, converges to f uniformly on D, then S is continuous
on D. (6)

n

X

(I+x")

(b) Show that the series of functions ¥ Lopie ]

converges uniformly on [0, a] for O<a<1. but is not

uniformly convergent on [0, 1). (6)
(c) A sequence {f,} converges uniformly to fon 4, if

for each g> (Qthere is a natural number K(g), depending only

on & such that if n2 K(g), then:

L)~ f(x)<e forall x € 4,.

Hence state a necessary and sufficient condition for a
sequence { f, } to fail to converge uniformly on Ay to .

Apply this condition on sequence jf,(x)z—x—, for x e R to
n

examine for uniform convergence. ‘ (6)
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