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(b) Prove that the metrics dt dz and do defined on Rn

by:

d(x.y)=Ei=tln _ 
41,

dz@, y) = Gi-lxi - r'121 
ttz ; and

d@(r,/)=max llxi- ylt j=7,2,..,n)
for.r = (.rr. n, ..., .ra) and;, = (lr, .v:, ..., y) e R'
are equivalent. 6%

(c) Prove that a meaic spacc (X, d) is disconnected if and
only if there exists a continuous mapping of (X, a)
onto the discrcte two element space OG, ds). 6%

6. (a) If every two points in a metric space X are contained
in some connected subset of X, prove that X is

connected. 6%

(b) Let CX, d) be a metric space and Y a subset of X.
Prove that if Y is compact subset of (X, d), then Y is
bounded. Is the converse true? Jusli& your answer.

6%

(c) If/is a one-to-one continuous mapping of a compact

metric space (X, dx) onto a metric space (Y, dv), then
prove that/is a homeomorphism. 6%
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l. (a) (i) Let X= R u {o }u {-o }. Deline the metric don
Xbv:

&, y) = tstrt x -tan-r y l, ay e X,
where tan-r (6) = tr/z and tan-r (-o) = -n/2.
Show that Qt d) is a metric space.

(iD l.et X denote the set of all Riemann integrable

ftrnctions on [a, b]. Forl g in X, define:

a(,d= I:lf@)- s@)l dx.

Show that d is not a metric on X. 3+3d

(D) Prove tbat a sequence in F is Cauchy in the Eucli-
dean metric d: if and only if it is Cauchy in the
maximum metric dco.
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(c) (i) Show that rhe metric space (X, d) of rational
numbers is an incomplete metric space.

(iD Lel X be any nonempty set and dbe the discrete
metric defined on X. Prove that the metric space
(X, d) is a complete metric space. 3+3=6

2. (a) Let (X, d) be a metric spacb. Prove that the inter-
section of any finite family of open sets in X is an open
set in X. Is-it true for the intersection of an arbitrary
family ofopen sets? Justi$ your answer. 6

(b) Prove that ifA is a subset of the metric space (X, d),
thend(A)=d(I). 6

(c) Let F be a subset ofa metric space (X, d). Prove that
the following are equivalent:

(i) xc F

(ii) S(x, e) nF* 0 for every open ball S(.r, e) centered
at r;

(iii) There exists an infinite sequence lx"l, n>l of
points (not necessarily distinct) of F such

that r, -r 1. 6

3. (a) Let (X, d) be a metric space and Z I \ tr X. If cl(Z)
and cly(Z) denote, respectively, t}re closurcs of Z in the
metric spaces X and Y, then show that:

clY(Z) = Y n clx(Z)' 6

3

(b) (i) Let Y bc a nonempt;r subset of a meric spoce (X,
di, and (Y, dv) is complete. Show thar y is
closed in X.

(ii) Is the converce of part (i) true? Justifo your
arutwef. 4+2=6

(c) Let dr(p > I ) on the set Rr be given by:

ap@,ril=Gi_,|ry _ yleltro ,

for all :--.(.r1, x2, ...,x),)r(yry2,...,yJ in R.,. Show
that ( R', do) is a separable metric space. 6

4. (a) Prove that a mapping tr 6, di ) (y, dv) is
continuous on X if and only iflt(F) is closed in X for all
closed subsets F ofY. 6%

(b) (i) Define an isometry between the metric spaces
(& d1) and (Y, dv), and show that it is a
homeomorphism.

(ii) Is the completeness of a metric space preserved
under homeomorphism? Justi$ your answer.

4+2%=6%

(c) State and prove the Contraction Mapping Principle.
l%+5=6%

5. (a) Letlbe a mapping of (X, d1) into (Y, dv). Prove that/
is continuous on X if and only if for every subset F ofY:

/-1(Fo) s (/-1(D)' 6%
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