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‘Section I
1. Attempt any three parts of the following: (5+5+5)

a. Solve the differential equation:
(er"y‘ +2xy° +y)dx (xze‘y4 -x’y —3x}iy =0

b. Find the general solution of the differential equation:
(Y=

c. Solve the differential equation:
dy  x-y-
dx x+y+3’

d. Solve the initial value problem:

d_y= 2xp7 +3x2y? (1) = -1,

2. Attempt any two parts of the following: (5+5)

a. A water tank has the shape obtained by revolving the
parabola x*> = by around the y axis. The water depth is 4 ft
at 12 noon, when a circular plug in the bottom of the tank is
removed. At | pm, the depth of the water is 1 ft. Find the
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depth )(f) of water remaining after ¢ hours. Also, find when
-the tank will be empty. If the initial radius of the top
surface of the water is 2 ft, what is the radius of the circular
hole in the bottom?

. A certain piece of dubious information about phenyl ethyl

amine in the drinking water began to spread one day in the
city with a population of 100,000. Within a week 10,000
people heard this rumour. Assume that the rate of increase
of the nuniber who have heard the rumour is proportional to
the number who have not heard it. How long will it be until
half the population of the city has heard the rumour?

Consider a body that moves horizontally through a medium
whose resistance is proportional to the square of the

velocity v, so that dv/dt = ~kv?. Show that :

%)
{)=: 0
i 1+ voht
and that
x()= x, + r:fw]n(l +Ukt).
Section 11
3. Attempt any two parts of the following; (8+8)

a. The following differential equation describes the level of

pollution in the lake:

£ = E‘(Cm B C)

da -V
where V is the volume, F is the flow (in and out), C is the
concentration of pollution at time ¢ and C, is the
concentration of pollution entering the lake. Let
V =28x10°m’,F =4x10°m" / month . If only fresh water

)

enters the lake,

19
b. The predator-prey equations with additional deaths by DDT
are: i
dax
iy B e XY —p,X,fg— =-a,¥ +c,XY - p,Y

where all parameters are positive constants.

i. Find all the equilibrium points.

il. What effect does the DDT have on the non-zero
equilibrium populations compared with the case
when there is no DDT?

iii. Show that the predator fraction of the total average
prey population is given by:

fo—rt
I+ ( "l(.‘fz_"?.Pz)]
(B -p)
What happens to this proportion fas the DDT kill
rates, p; and p,, increase?

c. The pair of differential equations

dp o
—=rP-yPT,— =gP,
dr Wiarg

where r,y and g are positive constahts, is a model for a
population of microorganisms P, which produces toxins T

which kill the microorganisms.
i. Given that initially there are no toxins and Po

microorganisms, obtain an expression relating the
population density and the amount of toxins.

ii. Hence, give a sketch of a typical phase-plane
trajectory.

iii. Using phase-plane trajectory, describe what
happens to the microorganisms over time.
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i. How long would it take for the lake with pollution
concentration 107 parts/m’ to drop below the safety
threshold (4 x 10° parts/m*)?

ii. How long will it take to reduce the pollution level to
5% of its current level?

b. In view of the potentially disastrous effects of overfishing
causing a population to become extinct, some governments
impose quotas which vary depending on estimates of the
population at the current time. One harvesting model that
takes this into account is:

dx X
-—dT_rX[l——k—)-hoX.
i. Show that the only non-zero equilibrium population

15 2
Xl.=K[|-ﬂ].
: r

ii. At what critical harvesting rate can extinction
occur?

c. In a simple battle model, suppose that soldiers from the red
army are visible to the blue army, but soldiers from the blue
army are hidden. Thus, all the red army can do is fire
randomly into an area and hope they hit something. The
blue army uses aimed fire.

i. Write down appropriate word equations describing
the rate of change of the number of soldiers in each
of the armies. :

ii. By making dppropriate assumptions, obtain two
coupled differential equations describing this
system.

iii. Write down a formula for the probability of a single
bullet fired from a single red soldier wounding a
blue soldier in terms of the total area A and the area
exposed by a single blue soldier A, .
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iv. Hence write the rate of wounding of both armies in
terms of the probability and the firing rate.

Section 111

4. Attempt any three parts of the following: (6+6+6)

a. Find the general solution of the differential equation:
Y™ +6x7y" + 4xy'=0

b. Using the method of undetermined coefficients, solve the
~ differential equation :

Y'=2y"+y' =1+xe", y(0) = y'(0) = y"(0) =1 .

¢. Using the method of variation of parameters, solve the
differential equation :

Y43y +2y =4e".

d. Show that y, =land y, = \/x are solutions of :
w'+() =0,
but the sum y =y, + ¥, is not a solution. Explain why.

Section IV
5. Attempt any fwo parts of the following: (8+8)

a. Consider a disease where all those infected remain
contagious for life. A model describing this is given by the
differential equations

das dl
— =-p51.%L = gs1
dt s di m

where B is a positive constant.

i. Use the chain rule to find a relation between S and
s
li. Obtain and sketch the phase-plane curves.

Determine the direction of travel along the
trajectories.

lii. Using this model, is it possible for all the
susceptible to be infected?



