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(d) Let f: R-+R be defined by

r(*) =

,l
x- sln -,x x+0

x=00

Show t hat

f(0).
f is differentiable at x = 0 and find

((

exists c e (0,2) such thi'

(b) State Darboux's Theorem. Suppose that if f: [0,2] -+ R
is continuous on [0,2] and differentiate on (0,2), and'
that f(0) = 0, f(l)=1, f(2)=l.

(i) Show that there exists cr € (0,1) such that
f ,(c,) = I

(ii) Show that there exists c, € (1,2) such that

f,( cr) = 0

(iii) Show that t here

f'(c ) = I /3.

(c) Find the Taylor series for cos x and indicate why it
converges to cos x Vx e R. (5).,

(d) Define a convex function on [a, b]. Check the convexity

of the following functions on given intervals :

(i) f(x) = x - sinx, x € [0, nI.

(ii) g(x) = xr + 2x, x e [-l,l]. (5)

(3000)
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l. (a) Use the e-6 definition of the limit to find 1,S 
f (-)

where f(x) = -J-. (s)[-x
(b) State and prove Sequential Criterion for Limits. (5)

(c) State Squeeze Theorem. For n e N, n > 3, derive the

inequality, -x2 ( xn < x2 for -l <x<1. Hence prove

that lim x":0 for n 2 3, assuming 1fi61 lir4 x? =0.
' (5)

P.T.O.

5. (a) Let f be continuous on [a, b] and differentiate on (a, b).

Prove that f is increasing on [a, b] if and only if
f'(x)>O Vx e [a, b]. (5)
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(d) Let f, g be defined on A g R to R, and let c be

a cluster point of A. Suppose that f is bounded on

a neighbourhood of c and that limg=0. prove that

(a) Determine the points of continuity of the function
f(x) = x - [xl, x e R, where [x] denotes the greatest

integer n eZ such that n<x. (5)

(b) Let A, B c R, let f: A -+ R be continuous on A, and

let g: B -+ R be continuous on B. If f(A) c B, show

that the composite function gof: A -+ R is continuous

_ on A. (5)

(c) Let f be a continuous real valued function defined on

[a, b]. Show that f is a bounded function. (5)

(d) Prove that a polynomial of odd degree has at least one

real root. (5)

(a) Define uniform conlinuity of a function on a set A c R.

Show that every uniformly continuous function on A is
continuous on A. ls the converse true? Justify your
answer. (5)

(b) Show that the function fi is uniformly continuous on

[0, -). (5)

(c) Let I,J be intervals in R, let g: I-+R and f: J-+R
be functions such that f(J) c I and let c e J. If f is

differentiate at c and if g is differentiate at f(c), show

that the composite function gof is differentiate at c and

(eo0'(c) = g'(f(c)).f(c). (5)

3I {

2 (a) Let c e R and let f be defined for * . 1", *1 
"*

f(x) > 0 for all x e (c, co). Show that lim f =o if and

limfg=6

onlv if lim t//t =0

(b) Prove that

(s)

(s)

4

ri) lim I = *co. x,e0" '-" Jl*l
4

(ii) lim eK =0, x*o (5)

l, for x rational

I, for x irrational

Show that f is discontinuous at any point of R. (5) '

(d) Let f: R -'> R be continuous at c and let f(c) > 0. Show
that there exists a neighbourhood Vu(c) of c such that
if x e Vu(c) then f(x) > 0. (5)

(

c(.) = 
{

P.T. O.
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(c) Let A: R and let f be Dirichlet's function defined by

(


